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Introduction
Theuseof X-rays for crystallographic analysis relies on a few basic principals:

1. When an incident beam ofrays interacts with a target material, one of the primary
effects observed is scattering (spherical radiation of the incideayswithout
change in wavelength) of thoseays from atomic scattering centers within the target
material.

2. In materials with some type of regular (i.e., crystalline) structurays scattered in
certain directions will be iphase (i.e., amplified), whilmost will be out of phase.
Thisfi i-pnh a s e 0  $scalleddiffeactionn g

3. Measurement of thangular relationships between the incident diffdacted xrays
can be used to discern the crystal structure and unit cell dimensions of the target
materia.

4. The intensities of the amplifiedrays can be used to work out the arrangement of
atoms in the unit cell.

For the xrays to yield useful information abotlte structureof the analyzed materjahe
wavelength of the incidentpays should be of #t same order of magnitude as the
interatomic spacing in the crystal structure.

In this section we will discuss this process of diffraction and how we make use of the

amplification and attenuation to elucidate the structure of the material(s) in the tahge

goal of this section is to give the student sufficient background in the mathematics and
crystallography underlying the practice ofay diffraction so that the analytical results will

rise above the | evel of a fiblack boxo techni

The first @rt of the material (including the illustrations) in this section is abstracted from
Chapter 3 of Nuffield (1966). T htleoughtbema i nder
reciprocal lattice) is from Jenkins and Snyder (1996) and Bloss (1994). IDhaGlornelis

Klein for his suggestions and assistance with this material.

The Geometry of Diffraction

As discussed previously, there are many type:

of secondary effects that occur whenays

interact with matter. Fortunately the dominant

effectoccuring within a specimen in our

diffractometersand the only one with which we

are concerned in diffraction, sg€attering In

this process, an electron in the path of thayx

beam vibrates with the frequency of the

incoming radiation thus becomes a satary

point source of xays of the same energy as th ' We@“‘
incident xrays (Fig 31). The atom (or its

nucleus) is not actually the point source of x

rays, but the electrons surrounding the atom v Fig. 3-1
scatter xrays that appear to emanate from the
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center of tlk atom.

A crystal is a complex but orderly arrangement of atoms, and all atoms in the path of an x

ray beam scatterrays simultaneously. In general, the scatterealys interfere, essentially

canceling each other out. In certain specific directimgre the scatteredrxay s -ar e fii n
p h a,ghe ®rays scatter cooperatively to form a new wave. This process of constructive
interference igliffraction.

The directions of possible diffractions depend only on the size and shape of the unit cell.
Certan classes of diffraction are systematically extinguished by lattice centering and by
certain spacgroup symmetry elements. Theensitiesof the diffracted waves depend on
the kind and arrangement of atoms in the crystal structure. It is the stirslyggfometry of
diffraction from a crystal that we use to discern the unit cell dimensions; the missing
diffractions give the symmetry of the crystal. The intensities are used to work out the
arrangement of atoms.

The Laue treatment of the geometry dfrdiction, developed by Max von Laue in 1912, is
presented in the following sections because of its geometric clarity and the rigor with which
the concepts are treated. As will be discussed, Laue diffraction occurs with polychromatic

(1. e., A ntanthe momgchramatic tadiation that we usgpowder diffractometry.
Later we will present Br aggffractonofeat ment of d
monochromaticx ays to be treated as reflection. B i

mathemécs involved in diffraction calculations, and, when combined with the somewhat
difficult (but very usefylconcept of the reciprocal lattice, simplifies the experimental
measurement of a diffraction pattern, thus making diffraction a useful routinetool f
crystallographic studies.

Diffraction by a Row of Identical, Equally Spaced Atoms

Consider the
hypothetical case of a
onedimensional row of
equally spaced atoms.
Each atom in the path of
an xray beam can be
considered to be the

P aaa
\ \ me center of radiating
St

/

spherical wave shells of
x-rays (Fig 32).

\_\_X&W ) In general the scattered
Or .
S e N it waves interfere, cancel

1A out and no diffraction
? S ? occurs. HOWGVGI’, when
ik the scattered waves
Fig. 3-2. Cooperative scattering by a row of equally spaced, identical atoms. happen to be in phase

they form wave fronts as
shown in Figure 2. Since wavelengths af 22 and 3. will all add to produce a different
wavefront, we call these firstsecond and thirdorder wavefronts. By convention,
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wavefronts to the right of the diffracted beam is are positive, those to the left are negative
(i.e., minus firstorder, eto.

Zero order

AD — BC = 0O\ AE - BC =1\

pcos 7 — p cos i = O\ pcos ¥ —pcos i = I\

p (cos ¥ = cos 1) = ON p (cos 7’ = cos i) = I\
(a) (b)

Minus first order

Minus first Zero First

p cos (180 — ¥”)

= = pcos 7"
C
K p cos i
B

CF + BC = 1\

=pcos?” +pcos =1\

p (cos " = cos i) = —

1) N Zero and first-order diffraction cones
(c) (d)

Figure 3-3. Condition for diffraction from a row

Figure 33 illustrates the conditions for diffraction from a row of atoms. Tways strike
the row of periodicity p, at an angle of incidenge to form zere, first- andsecondorder

diffractions. The angle of diffraction; , is measured from the left (positive) end of the row.
The diffracted rays are only in phase if:

p(cosv —cosu) =+hA

whereh is the order of the diffraction, in this caserOlo The condition for diffraction is met
not only in the directions AD, AE and AF shown in the diagrams, but in all directions that
make angles o, v'and v". These outline three concentoones as shown in figure3al.
The cones define the locus ofpiase scattering (diffraction).
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The expression above is the Laue equation for diffraction by a row. Note that fardero
diffractions,h = 0, and thai is equato z . The significance of this is that the incident beam

is always a line in the zerarder cone.
When the angle of incidence,, is 9C, the Laue equation reduces to:

pcosv =+hA

Minus second Minus first Zero First Second Under this condion the
anglev for zero order
diffractions is also 90and
the zereorder cone has the
shape of a disk. Higher
order cones occur in pairs,
symmetrically placed about
the zereorder disk (Fig. 34)

Fig. 3-4. Diffraction from a row of atoms when the angle of incidence is 90°.

Diffraction by a Plane Lattice-Array of Atoms

A plane latticearray of atoms (Fig.-3) may be defined by two translation perioasndb,
in the rowsOA andOB and the angle. Basically this extends the concept of diffraction by a
row to include simultaneous diffraction by two rparllel rows of atoms.

The diffraction directions for the ro®@A comprise a set of concentric cones coaxial g
(Fig 3-5b), and have hatipical angles defined by the Laue equation for a row. The
directions for the rovOB comprise another set of congsg 3-5¢) with a different
orientation.

When both diffractions are combined, only at the intersection of the diffraction cones will
diffraction occur (since the other diffractions will interfere and thus cancel). Those lines of
intersection are showasOX andOY (Fig 3-5d). The Laue equations for diffraction by the
plane may be expresses in terms of the Laue equations for th©roarsl OB:

a(cosv, —cosy,) =+hi
b(cosv, —cosu,) = £k1

where  aandb are periods of the rows
i, and z, are the angles at which the beam meets the rows

v, and v, are the diffractions angles referred to the respective rows.
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(a)

(d)

(c) Fig. 3-5. Diffraction from a plane lattice-array of atoms.

Diffraction occurs when the two equations are simultaneoasiyfied, i.e., when the angles
v, and v, define the same direction. As illustrated in F§d& when the beam meets the
plane at such an angle that tite-order cone abouA intersects théth-order cone about
OB alongOXandOY. The angle betweg®A andOX (andOY) is v, and that betwee®B
andOXis v,.

Diffraction by a Three-Dimensional Lattice-Array of Atoms

The diffraction
directions for a three
dimensional arraynay
be described by three
sets of diffraction
cones coaxial with
three norcoplanar
reference rows (Fig-3
6). In generalgach
cone will form two
diffraction lines by

intersection with each

Fig. 3-6. The general case for the intersection of diffraction cones coaxial with three of the other two
noncoplanar rows.
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resulting in 6 diffraction lines shown &J ard OV (a-c) , OYandOZ (a-b), OWandOX (b-

c). For the material to diffract (i.e., interfere constructively) the three diffracBdh©OW,
andOYwould need to be coincident, a condition satisfied by the following Laue equations
only when the diffractiomngles,v,, v,and v, define a common direction:

a(cosv, —cosy; ) =thi
b(cosv, —cosu,) = £k1
c(cosy, —cosu,) =A

Thea, b andc directions are fixed (and define the unit cell), thusithealues depend opr

(the angle at which the beam meets the reference rows), aftide wavelength of the

incident radiation). The possibility of satisfying the three equations simultaneously can be
increasedy varying eitherz or 4 during analysis. In Laue diffraction, the crystal position

inthe beam is fixed, andli s varied by wusing continuous (or
the orientation of the crystal fixed. Monochromatdiation is used in most modern

diffraction equipment, so for single crystal analysis the crystal must be progressively moved

in the X-ray beam to vary: sufficiently so that diffractions may be obtained and recorded.

Below is a samip Laue diffraction pattern (Fig 7.39 from Klein, 2002).

The table below summarizes the different diffraction methods and the radiation used. Most
of this course will be concerned with powder methods.
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